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A general fixed point theorem

general topology there exist some fixed point theorems for contracting
pings. Their common characteristic. is that they guarantee uniqueness
the fixed point by means of a principle of contraction relative to the
ric of the space. In this paper we shall describe yet another fixed

at theorem of the same sort, orginating from a problem in differential
ations, and we shall give a generalisation to uniform spaces. First we
11 state two well-known contraction theorems and we shall then prove
main theorem in a metric space and a uniform space separately. We

11 conclude by showing that the two well-known theorems are contained
the main theorem, although we are well aware that they are easier to

ve by other methods.

orem 1. (BANACH) Let (X,p) be a complete metric space and let ¢ be a
ping from X into X such that there exists a positive real number a

s than 1 with the property that p(¢(x), ¢(y)) < o p(x,y) for all x
y in X, then X contains one and only one point x¢ for which

) = x, holds.

¢ ¢

orem 2. Let (X,p) be a metric space and let ¢ be a mapping from X
o itself such that ¢(X) is compact and p(¢(x),¢(y)) < p(x,y) for all

¥y € X, then X contains one and only one fixed point relative to the

ping ¢.

vention. If X is a space and ¢ is a mapping from X into X then ¢O(x)
the identity on X and ¢"(x) = ¢(¢n_1(x)) for every natural number n

every x € X. Clearly ¢n can be considered as a mapping from X into X.

orem 3. Let (X,0) be a metric space, and let ¢ be a continuous function
m X into X which satisfies the following properties:
. n o . .
(1) B.XO € X such that {¢ (xo)} is conditionally compact in X.
n=1

(ii) YVx e X; Vy €X we have lim o (6™ (x),9"%(y)) = o.

n>e




1 the space X contains exactly one fixed point relative to the trans-

nation .

>f. Since {¢n(xo)} ® is conditionally compact in (X,p) there exists -
n=1
infinite subset M of the natural numbers such that {¢m(xo)_| me M}

convergent. Let io be its limit. From the continuity of ¢ it follows
m+1
b {¢ (

ose an € > 0,

xo) | me M} is convergent with limit ¢(20).

n condition (ii)it follows that 3N, such that for every natural

ber n > NO we have

n+1(

x,)) <

Xg) 50 0

£
3.

thermore there exists an l\T1 such that

A

¥YmeM; m> N, we have p(¢m(xo),i )

£
1 0 3

Vm e M; m > N1 we have p(¢m+1(xo),¢(io)) <-%.

ce M is infinite we conclude that p(io,¢(io)) < ¢ for every positive

ber e and therefore X. has to be a fixed point of ¢.

0
pose §, is another fixed point, then lim p(¢n(§0),¢(‘0)) = 0. Since

n-oo
= ¢(xo) = ¢ (xo) and ¥, ¢(yo) b (yo) for all n e I we have %, = §,.

refore . is the unique fixed point of the function: ¢.

0

orem 4. Let X be a Tychonoff space and let ¢ be a continuous mapping

m X into X. If there exists a uniform structurej(cnlx such that

VxeX, YyeX, vHed{,aNoeu\rsuch that ¥V n € N with

n > N we have (6%(x),0"(y)) € H,
n the following conditions are equivalent:

(i) 3 X, € X and an infinite subset M of N such that {¢m(x0) | me M}

is a convergent sequence.

(ii) The space X contains exactly one fixed point i¢ relative to ¢.




(iii) For every x € X the sequence {q;n(x) | n e N} converges.

>f (i) =p (ii). Let % be the limit of {¢"(x,) | m e M}. From the
tinuity it follows that {¢m+1(x0) | m € M} converges to ¢(X).

H be an arbitrary diagonal neighbourhood in#. Then there exists a
Hsuch that K = k™! and K x K x K ¢ H.

re exists an NO € N such that

(a) (¢m(x0),¢m+1(xo))e K for every me Ny m > Ny.
(v) (¢m(x0),fc) € K for every m € M; m > Nj.

(e) (¢m+1(xo),q>(5&) € K for every m€ My m > Nj.

ce M is infinite we can choose m sufficiently large in M and we

clude that
(2,4(%)) € K XK x Ke H.

conclude that (%,6(%))e N {H | E e} and since X is a Tychonoff
ce it follows that % = ¢(X).
pose that § is another fixed point of ¢, then

vieHd; aNeN; Vn > Nwe have (¢°(§),0"(®)) = (§,%) € H.

hence (§,%)e N{H | H e#}. This implies that § = %. Therefore %
the unique fixed point of ¢ in X.

) = (iii). Let x. be the fixed point of ¢ in X and let x be an

itrary member of )(2 Let U be a neighbourhood of X then U contains a
ghbourhood of x, of the form: {y | (y,xo) € H} for some He. By
inition there exists an NO € I such that for every n > NO we have
'(x),¢n(xo)) € H; hence (¢n(x),x0) € H. Therefore ¢"(x) is eventually

every neighbourhood of Xy i.e. d)n(x) converges to Xqge

i) = (i). Obvious.




of of theorem 1. Let x and y be two arbitrary points of X. Then

+1 +1 +1 .

. (X),¢n (y)) < a. p(¢n(x),¢n(y)) i_an . p(x,y). Since o < 1 we
e lim p(d)n(x),d)n(y)) = 0.

n->o
eover, for every x € X we have o(6™(x),x) <
i

(6t (x), 687 (x)) <

nes— s

1
n .

-1 1
Yoot p(e(x),x) < 1=
=1
refore, for every k and 1 € N; k > 1 we have p(¢k(x),¢l(x))‘i

1
o
1-a

p((x),x).

o}

1

k-1 . o(6(x),x).

x),x) <

o(o

s implies that (6™ (x) | n e W} is a Cauchy sequence and from the
pleteness of X it follows that its limit exists. We conclude that

(x) | n € N} is conditionally compact, and theorem 1 follows from

orem 3.

of of theorem 2. The proof given here is by no means the most

‘icient proof of this theorem, but it merely is included to show that
s theorem may be taken as a consequence of theorem 3.

'st, since ¢[X] is conditionally compact, the set (o (x) | ne N} has
be conditionally compact too; this implies condition (i).

order to prove that Vx, Vy, lim o(¢™(x),6"(y)) = 0 we shall prove
it the diameter D(¢n|:X]) def sup {p(a,b) | a, b € ¢n|:X]} tends to O

ypose that lim D(¢nEi]) # O then also lim D(¢n['¢EX] ]) # 0. Define

n->o n-w
= ¢n[ ¢Eq ], then Xn is closed and compact for every natural number
Obviously Xn+1 c:Xn and since Xn is compact we can choose in every
a x and ay such that D(Xn) = p(xn,yn).
sarly D(Xm) i.D(Xn) if m > n. The sets {xn} and {y } are subsets of

ET and hence relatively compact. Therefore there exists a subset M of
such that both sequences {xm | me M} and {ym | m € M} converge to X,
i Yo respectively. Since X and y, are in Xn for all m > n and since

is closed it follows that x, and y, are in Xn and hence x, and Yo

2 in fﬁ X .
n=1 n




p(xo,yo) > 1lim inf D|:Xm] llm Dﬁ(n] l:Lm p
meM jm->w

efore p(xo,yo) = r\ X, ) which is non-zero by assumg
=1
jed in X and hence ¢ 1(yo) is a closed subset of X. y,

'y n and hence ¢_1(y0) n X #0 . {¢ (yo) n X } Y is

% n=1
;he compact set X; and so é:% X 0o (yo) # ¢. Let y,
shis set.
ilarly we can find a point x, € fo\ X, 0 ¢—1(xo).
n=1

arly, o(x,,¥y) <D(A X,)s ¢(x;) = xq and ¢(y;) = y4-
n=1
refore p(x1,y1) > p(xo,yo) = D(;% Xn) 3_D(X1,Y1)-
n=1

sonclude that the assumption lim D(¢nEi]) # 0 leads to

n-ro
thus for every x and y of X and for every e > O there

1 that p(¢™(x),6"(y)) < € for every n > Ny; and also tl

jition of theorem 3 is proved.
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